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Fig. 1. An overview of the results of our study of different CCD methods run on 60 million queries (both vertex-face and edge-edge). For each method, we show

the number of false positives (i.e., the method detects a collision where there is none), the number of false negatives (i.e., the method misses a collision), and

the average run time. Each plot reports results in a logarithmic scale. False positives and negatives are computed with respect to the ground truth computed

using Mathematica [Wolfram Research Inc. 2020]. Acronyms are defined in Section 4.2.

We introduce a large-scale benchmark for continuous collision detection

(CCD) algorithms, composed of queries manually constructed to highlight

challenging degenerate cases and automatically generated using existing

simulators to cover common cases. We use the benchmark to evaluate the

accuracy, correctness, and efficiency of state-of-the-art continuous collision

detection algorithms, both with and without minimal separation.

We discover that, despite the widespread use of CCD algorithms, existing

algorithms are either: (1) correct but impractically slow, (2) efficient but

incorrect, introducing false negatives which will lead to interpenetration, or

(3) correct but over conservative, reporting a large number of false positives

which might lead to inaccuracies when integrated into a simulator.

By combining the seminal interval root-finding algorithm introduced

by Snyder in 1992 with modern predicate design techniques, we propose a

simple and efficient CCD algorithm. This algorithm is competitive with state-

of-the-art methods in terms of runtime while conservatively reporting the
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time of impact and allowing an explicit trade-off between runtime efficiency

and the number of false positives reported.
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1 INTRODUCTION

Collision detection and response are two separate, yet intercon-

nected, problems in computer graphics and scientific computing.

Collision detection specializes in finding when and if two objects

collide, while collision response uses this information to deform the

objects following physical laws. A large research effort has been

invested in the latter problem, assuming that collision detection

can be solved reliably and efficiently. In this study we focus on the

former, using an experimental approach based on large scale testing.

We use existing collision response methods to generate collision de-

tection queries to investigate the pros and cons of existing collision

detection algorithms.

Static collision detection is popular in interactive applications due

to its efficiency, its inability to detect collisions between fast moving

objects passing through each other (tunneling) hinders its applicabil-

ity. To address this limitation, continuous collision detection (CCD)

methods have been introduced: by solving a more computationally
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intensive problem, usually involving �nding roots of a low-degree
polynomial, these algorithms can detect any collision happening in
a time step, often assuming linear trajectories.

The added robustness makes this family of algorithms popular,
but they can still fail due to �oating-point rounding errors. Floating
point failures are of two types: false negatives, i.e., missed collisions,
which lead to interpenetration, and false positives, i.e., detecting
collisions when there are none.

Most collision response algorithms can tolerate minor imperfec-
tions, using heuristics to recover from physically invalid states (in
reality, objects cannot inter-penetrate). However, these heuristics
have parameters that needs to be tuned for every scene to ensure
stability and faithfulness in the simulation [Li et al. 2020]. Recently,
the collision response problem has been reformulated to avoid the
use of heuristics, and the corresponding parameter tuning, by disal-
lowing physically invalid con�gurations [Li et al. 2020]. For instance,
in the attached video, the method in [Li et al. 2020] cannot recover
from interpenetration after the CCD misses a collision leading to
an unnatural �sticking� and eventual failure of the simulation. This
comes with a heavier burden on the CCD algorithm used, which
should never report false negatives.

We introduce a large benchmark of CCD queries with ground
truth computed using theexact, symbolic solverof Mathematica [Wol-
fram Research Inc. 2020], and evaluate the correctness (lack of false
negatives), conservativeness (false positive count), and runtime ef-
�ciency of existing state of the art algorithms. The benchmark is
composed of both manually designed queries to identify degener-
ate cases (building upon [Erleben 2018]) and a large collection of
real-world queries extracted from simulation sequences. On the
algorithmic side, we select representative algorithms from the three
main approaches existing in the literature for CCD root-�nding:
inclusion-based bisection methods[Redon et al. 2002; Snyder et al.
1993],numerical methods[Vouga et al. 2010; Wang et al. 2015], and
exact methods[Brochu et al. 2012; Tang et al. 2014]. Thanks to our
benchmark, we identi�ed missing cases that were not handled by
previous methods, and we did a best e�ort to �x the corresponding
algorithms and implementations to account for these cases.

The surprising conclusion of this study (Section 4.2) is that the
majority of the existing CCD algorithms produce false negatives, ex-
cept three: (1) symbolic solution of the system and evaluation with
exact arithmetic computed using Mathematica [Wolfram Research
Inc. 2020], (2) Bernstein sign classi�cation (BSC) with conservative
error analysis [Wang et al. 2015], and (3) inclusion-based bisection
root �nding [Redon et al. 2002; Snyder et al. 1993]. (1) is extremely
expensive and, while it can be used for generating the ground truth,
it is impractical in simulation applications. (2) is e�cient but gener-
ates many false positives and the number of false positives depends
on the geometric con�guration and velocities involved. (3) is one of
the oldest methods proposed for CCD. It is slow compared to state
of the art algorithms, but it is correct and allows precise control of
the trade-o� between false positives and computational cost.

This extensive analysis and benchmark inspired us to introduce
a specialization of the classical inclusion-based bisection algorithm
proposed in [Snyder 1992] to the speci�c case of CCD for triangu-
lar meshes (Section 5). The major changes are: a novel inclusion
function, an e�cient strategy to perform bisection, and the ability

to �nd CCD roots with minimal separation (Section 6). Our novel
inclusion function:

(1) is tighter leading to smaller boxes on average thus making
our method more accurate (i.e., less false positive);

(2) reduces the root-�nding problem into the iterative evaluation
of a Boolean function, which allows replacing explicit interval
arithmetic with a more e�cient �oating point �ltering;

(3) can be vectorized withAVX2instructions.

With these modi�cations, our inclusion-based bisection algorithm
is only 3� slower on average than the fastest inaccurate CCD al-
gorithm. At the same time it is provably conservative, provides a
controllable ratio of false positives (within reasonable numerical
limits), supports minimal separation, and reports the time of impact.
We also discuss how to integrate minimal separation CCD in algo-
rithms employing a line search to ensure the lack of intersections,
which are common in locally injective mesh parametrization and
have been recently introduced in physical simulation by Li et al.
[2020].

Our dataset is available at the NYU Faculty Digital Archive, while
the implementation of all the algorithms compared in the bench-
mark, a reference implementation of our novel inclusion-based bi-
section algorithm, and scripts to reproduce all results (Section 4) are
available on our project web page. We believe this dataset will be an
important element to support research in e�cient and correct CCD
algorithms, while our novel inclusion-based bisection algorithm is
a practical solution that will allow researchers and practitioners
to robustly check for collisions in applications where a3� slow-
down in the CCD (which is usually only one of the expensive steps
of a simulation pipeline) will be preferable over the risk of false
negatives or the need to tune CCD parameters.

2 RELATED WORK
We present a brief overview of the previous works on continuous col-
lision detection for triangle meshes. Our work focuses only on CCD
for deformable triangle meshes and we thus exclude discussing meth-
ods approximating collisions using proxies (e.g., Hubbard [1995];
Mirtich [1996]).

Inclusion-Based Root-Finding.The generic algorithm in the sem-
inal work of Snyder [1992] on interval arithmetic for computer
graphics is a conservative way to �nd collisions [Redon et al. 2002;
Snyder et al. 1993; Von Herzen et al. 1990]. This approach uses in-
clusion functions to certify the existence of roots within a domain,
using a bisection partitioning strategy. Surprisingly, this approach
is not used in recent algorithms despite being provably conservative
and simple. Our algorithm is based on this approach, but with two
major extensions to improve its e�ciency (Section 5).

Numerical Root-Finding.The majority of CCD research focuses
on e�cient and accurate ways of computing roots of special cubic
polynomials. Among these, a most popular cubic solver approach
is introduced by Provot [1997], in which a cubic equation is solved
to check for coplanarity, and then the overlapping occurrence is
validated to determine whether a collision actually occurs. Re�ned
constructions based on this idea have been introduced for rigid [Kim
and Rossignac 2003; Redon et al. 2002] and deformable [Hutter and
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Fuhrmann 2007; Tang et al. 2011] bodies. However, all of these algo-
rithms are based on �oating-point arithmetic, requiring numerical
thresholds to account for the unavoidable rounding errors in the
iterative root-�nding procedure. In fact, even if the cubic polynomial
is represented exactly, its roots are generally irrational and thus
not representable with �oating-point numbers. Unfortunately, the
numerical thresholds make these algorithms robust only for speci�c
scenarios, and they can in general introduce false negatives. Our ap-
proach has a moderately higher runtime than these algorithms, but
it is guaranteed to avoid false negatives without parameter tuning.
We benchmark Provot [1997] using the implementation of Vouga
et al. [2010] in Section 4.

For most applications, false positives are less problematic than
false negatives since a false negative will miss a collision, leading
to interpenetration and potentially breaking the simulation. Tang
et al. [2010] propose a simple and e�ective �lter which can reduce
both the number of false positives and the elementary tests between
the primitives. Wang [2014] and Wang et al. [2015] improve its
reliability by introducing forward error analysis, in which error
bounds for �oating-point computation are used to eliminate false
positives. We benchmark the representative method of Wang et al.
[2015] in Section 4.

Exact Root-Finding.Brochu et al. [2012] and Tang et al. [2014]
introduce algorithms relying on exact arithmetic to provide ex-
act continuous collision detection. However, after experimenting
with their implementations and carefully studying their algorithms,
we discovered that they cannot always provide the exact answer
(Section 4). Brochu et al. [2012] rephrase the collision problem as
counting the number of intersections between a ray and the bound-
ary of a subset ofR3 bounded by bilinear faces. The ray casting
and polygonal construction can be done using rational numbers (or
more e�ciently with �oating point expansions) to avoid �oating-
point rounding errors. In [Tang et al. 2014] the CCD queries are
reduced to the evaluation of the signs of Bernstein polynomials and
algebraic expressions, using a custom root �nding algorithm. Our
algorithm uses the geometric formulation proposed in [Brochu et al.
2012], but uses a bisection strategy instead of ray casting to �nd
the roots. We benchmark both [Brochu et al. 2012] and [Tang et al.
2014] in Section 4.

Minimal Separation.Minimal separation CCD (MSCCD) [Harmon
et al. 2011; Lu et al. 2019; Provot 1997; Stam 2009] reports collisions
when two objects are at a (usually small) user-speci�ed distance.
These approaches have two main applications: (1) a minimal sepa-
ration is useful in fabrication settings to ensure that the fabrication
errors will not lead to penetrations, and (2) a minimal separation
can ensure that, after �oating-point rounding, two objects are still
not intersecting, an invariant which must be preserved by certain
simulation codes [Harmon et al. 2011; Li et al. 2020]. We bench-
mark [Harmon et al. 2011] in Section 6.2. Our algorithm supports
a novel version of minimal separation, where we use the! 1 norm
instead of! 2 (Section 6.1).

Collision Culling.An orthogonal problem is e�cient high-level
collision culling to quickly �lter out primitive pairs that do not
collide in a time step. Since in this case it is tolerable to have many

false positives, it is easy to �nd conservative approaches that are
guaranteed to not discard potentially intersecting pairs [Curtis et al.
2008; Govindaraju et al. 2005; Mezger et al. 2003; Pabst et al. 2010;
Provot 1997; Schvartzman et al. 2010; Tang et al. 2009a, 2008; Volino
and Thalmann 1994; Wong and Baciu 2006; Zhang et al. 2007; Zheng
and James 2012]. Any of these approaches can be used as a prepro-
cessing step to any of the CCD methods considered in this study to
improve performance.

Generalized Trajectories.The linearization of trajectories com-
monly used in collision detection is a well-established, practical
approximation, ubiquitous in existing codes. There are, however,
methods that can directly detect collisions between objects follow-
ing polynomial trajectories [Pan et al. 2012] or rigid motions [Canny
1986; Redon et al. 2002; Tang et al. 2009b; Zhang et al. 2007], and
avoid the approximation errors due to the linearization. Our algo-
rithm currently does not support curved trajectories and we believe
this is an important direction for future work.

3 PRELIMINARIES AND NOTATION
Assuming that the objects are represented using triangular meshes
and that every vertex moves in a linear trajectory in each time step,
the �rst collision between moving triangles can happen either when
a vertex hits a triangle, or when an edge hits another edge.

Thus a continuous collision detection algorithm is a procedure
that, given a vertex-face or edge-edge pair, equipped with theirlin-
ear trajectories, determines if and when they will touch. Formally,
for the vertex-face CCD, given a vertex? and a face with vertices
E1• E2• E3 at two distinct time stepsC0 and C1 (we use the super-
script notation to denote the time, i.e.,?0 is the position of? at C0),
the goal is to determine if at any point in time betweenC0 andC1

the vertex is contained in the moving face. Similarly for the edge-
edge CCD the algorithm aims to �nd if there exists aC2 »C0• C1¼
where the two moving edges¹?C

1• ?C
2º and¹?C

3• ?C
4º intersect. We will

brie�y overview and discuss the pros and cons of the two major
formulations present in the literature to address the CCD problem:
multi-variateandunivariate.

Multivariate CCD Formulation.The most direct way of solving
this problem is to parametrize the trajectories with a parameter
C2 »0•1¼(i.e.,?8¹Cº = ¹1 � Cº?0

8 ¸ C?18 andE8¹Cº = ¹1 � CºE0
8 ¸ CE18)

and write a multivariate polynomial whose roots correspond to
intersections. That is �nding the roots of

� vf : 
 vf = »0•1¼ � fD• E> 0jD¸ E6 1g ! R3

with

� vf ¹C•D• Eº = ?¹Cº �
�
¹1 � D� EºE1¹Cº ¸ DE2¹Cº ¸ EE3¹Cº

�
• (1)

for the vertex-face case. Similarly for the edge-edge case the goal is
to �nd the roots of

� ee: 
 ee = »0•1¼ � »0•1¼2 ! R3

with

� ee¹C•D• Eº =
�
¹1� Dº?1¹Cº ¸ D?2¹Cº

�
�

�
¹1� Eº?3¹Cº ¸ E?4¹Cº

�
” (2)

In other words, the CCD problem reduces to determining if� has a
root in 
 (i.e., there is a combination of validC•D• Efor which the
vector between the point and the triangle is zero) [Brochu et al.
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Fig. 2. Scenes from Erleben [2018] that are used to generate a large part of
the handcra�ed dataset.

2012]. The main advantage of this formulation is that it is direct and
purely algebraic: there are no degenerate or corner cases to handle.
The intersection point is parameterized in time and local coordi-
nates and the CCD problem reduces to multivariate root-�nding.
However, �nding roots of a system of quadratic polynomials is di�-
cult and expensive, which led to the introduction of the univariate
formulation.

Univariate CCD Formulation.An alternative way of addressing
the CCD problem is to rely on ageometricobservation: two prim-
itives intersects if the four points (i.e., one vertex and the three
triangle's vertices or the two pairs of edge's endpoints) are copla-
nar [Provot 1997]. This observation has the major advantage of only
depending on time, thus the problem becomes �nding roots in a
univariate cubic polynomial:

5¹Cº = h=¹Cº•@¹Cºi = 0• (3)

with

=¹Cº =
�
E2¹Cº � E1¹Cº

�
�

�
E3¹Cº � E1¹Cº

�
and@¹Cº = ?¹Cº � E1¹Cº

for the vertex-face case and

=¹Cº =
�
?2¹Cº � ?1¹Cº

�
�

�
?4¹Cº � ?3¹Cº

�
and@¹Cº = ?3¹Cº � ?1¹Cº

for the edge-edge case. Once the rootsC¢ of 5 are identi�ed, they
need to be �ltered, as not all roots correspond to actual collisions.
While �ltering is straightforward when the roots are �nite, special
care is needed when there is an in�nite number of roots, such as
when the two primitives are moving on the same plane. Handling
these cases, especially while accounting for �oating point rounding,
is very challenging.

4 BENCHMARK

4.1 Dataset
We crafted two datasets to compare the performance and correctness
of CCD algorithms: (1) ahandcrafteddataset that contains over 12
thousand point-triangle and 15 thousand edge-edge queries, and (2)
asimulationdataset that contains over 18 million point-triangle and
41 million edge-edge queries. To foster replicability, we describe the
format of the dataset in Appendix A.

The handcrafted queries are the union of queries simulated with [Li
et al. 2020] from the scenes in [Erleben 2018] (Figure 2) and a set of
handcrafted pairs for degenerate geometric con�gurations. These

Fig. 3. The scenes used to generate the simulation dataset of queries. We
use two simulation methods: (top) a sequential quadratic programming
(SQP) method with constraints and active set update from Verschoor and
Jalba [2019] and (bo�om) the method proposed by Li et al. [2020].

include: point-point degeneracies, near collisions (within a �oating-
point epsilon from collision), coplanar vertex-face and edge-edge
motion (where the function5 (3)has in�nite roots), degenerated
function � vf and� ee, and CCD queries with two or three roots.

The simulation queries were generated by running four nonlinear
elasticity simulations. The �rst two simulations (Figure 3 top row)
use the constraints of [Verschoor and Jalba 2019] to simulate two
cow heads colliding and a chain of rings falling. The second two
simulations (Figure 3 bottom row) use the method of [Li et al. 2020]
to simulate a coarse mat twisting and the high speed impact of a
golf ball hitting a planar wall.

4.2 Comparison
We compare seven state-of-the-art methods: (1) the interval root-
�nder (IRF) [Snyder 1992], (2) the univariate interval root-�nder
(UIRF) (a special case of the rigid-body CCD from [Redon et al.
2002]), (3) the �oating-point time-of-impact root �nder [Provot
1997] (FPRF) implemented in [Vouga et al. 2010], (4) TightCCD
(TCCD) [Wang et al. 2015], (5) Root Parity (RP) [Brochu et al. 2012],
(6) a rational implementation of Root Parity (RRP) with the degen-
erate cases properly handled, and (7) Bernstein Sign Classi�cation
(BSC) [Tang et al. 2014]. For each method we collect the average
query time, the number of false positives (i.e., there is no collision
but the method detects one), and the number of false negatives (i.e.,
there is a collision but the method misses it). To obtain the ground
truth we solve the multivariate CCD formulation (equations(1)and
(2)) symbolically using Mathematica [Wolfram Research Inc. 2020]
which takes multiple seconds per query. Table 1 summarizes the
results. Note that �Ours� corresponds to our new method that will
be introduced and discussed in Section 5 and MSRF is a minimum
separation CCD discussed in Section 6.2.
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